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$\{f_{i}\}_{i=1}^{\infty}\subseteq L^{2}(\mathbb{R})$ [Chr03] , $C\geq 0$ ,
$f\in L^{2}(\mathbb{R})$
$. \sum|\langle f_{i}, f\rangle|^{2}\infty=C||f||^{2}$
$i=1$
. $C=1$ , $f\in L^{2}$ (
$f= \sum_{i=1}^{\infty}\langle f_{i}, f\rangle f_{i}$
. , $L^{2}$ (
(Uf) $(x)= \frac{1}{\sqrt{N}}f(\frac{x}{N})$ for $f\in L^{2}(\mathbb{R}),$ $x\in \mathbb{R}$
$(T^{k}f)(x)=f(x-k)$ for $k\in \mathbb{Z},$ $f\in L^{2}(\mathbb{R}),$ $x\in \mathbb{R}$











$\mathbb{R}$ 2 $\overline{\Gamma}\mathrm{J}\mathrm{T}\mathrm{f}\ovalbox{\tt\small REJECT}_{\mathrm{l}}^{\neq}\theta_{\grave{\mathrm{J}}}$ ,
(iii) $\lim_{tarrow 0}\hat{\varphi}(t)=1$ ,
(iv)
$\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})(t):=\sum_{l\in \mathrm{Z}}|\hat{\varphi}(t+2\pi l)|^{2}\in L^{\infty}(\mathbb{R}))$
(v) $L^{2}(\mathbb{T})$ $(S_{i}\xi)(z):=m_{i}(z)\xi(z^{N})$ , $\{S_{i}\}_{i=0}^{r-1}$
$\sum_{i=0}^{r-1}S_{i}S_{i}^{*}=I$
,
(vi) $S_{0}^{*l}arrow 0\mathrm{S}\mathrm{O}\mathrm{T}(larrow\infty)$ .
$\hat{\psi}_{i}(t):=\frac{1}{\sqrt{N}}m_{i}(e^{-i\theta/N})\hat{\varphi}(\frac{t}{N})$ , $t\in \mathbb{R},$ $\mathrm{i}=1_{2}\ldots,$ $r-1$





. $V_{0}$ $\varphi$ $L^{2}(\mathbb{R})$ . ,
$f\in V0$
$\langle U^{n}T^{k}\psi_{i}, f\rangle_{L^{2}(\mathrm{J}\mathrm{R})}=\langle e_{k}, S_{i}^{*}S_{0}^{*n-1}F_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})\rangle_{L^{2}(\mathbb{T})}$
. $e_{k}(z):=z^{1}$. , $f(t)= \sum_{k\in \mathrm{Z}}b_{k}\varphi(t-k)$ (f)(z$\rangle$ $:=$




















$\sum_{i=1}^{r-1}\sum_{n=1}^{l}\sum_{k\in \mathrm{Z}}|\langle U^{n}T^{k}\psi_{i}, f\rangle|^{2}=\sum_{i=1}^{r-1}\sum_{n=1}^{l}.\sum_{k\in \mathrm{Z}}|\langle e_{k}, S_{i}^{*}S_{\mathrm{O}}^{*(n-1)}F_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})\rangle|^{2}$
$= \sum_{i=1}^{r-1}\sum_{n=1}^{l}||S_{i}^{*}S_{0}^{*(n-1)}F_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})||^{2}$
$= \sum_{i=1}^{r-1}\sum_{n=1}^{l}\langle S_{i}^{*}S_{0}^{*(n-1)}\mathcal{F}_{\varphi}(f_{J}1\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2}\rangle’.S_{i}^{*}S_{0}^{*(n-1)}F_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})\rangle$
$= \sum_{i=1}^{r-1}\sum_{n=1}^{f}\langle \mathcal{F}_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2}), S_{0}^{(n-1)}S_{i}S_{i}^{*}S_{0}^{*\langle n-1)}\mathcal{F}_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})\rangle$
$= \sum_{n=1}^{l}\langle F_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2}), S_{0}^{(n-1)}(1-S_{0}S_{0}^{*})S_{0}^{*(n-1)}F_{\varphi}(f)\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})\rangle$



















. $P_{j}$ $U^{j}V_{0}$ , Schatten
$\sum_{i=1}^{r-1}\sum_{\mathrm{n}=1}^{\propto \mathrm{J}}\sum_{k\in \mathrm{Z}}(U^{n}\overline{T^{k}\psi}_{i}\otimes U^{n}\overline{T^{k}\psi}_{i})\hat{P}_{0}=M_{\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})}P_{0}^{\Lambda}$
. $P_{-j}=U^{-j}P_{0}U^{j}$
$\sum_{\dot{7.}=1}^{r-1}\sum_{n=-j+1}^{\infty}$
$\sum_{r,k\in l}(U^{n}\overline{T^{k}\psi}_{i}\otimes U^{n}\overline{T^{k}\psi}_{i})\hat{P}_{-j}=M_{\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})(\cdot N^{-\mathrm{j}}}{}_{)}\hat{P}_{-j}$
. , (ii), (iii) $jarrow\infty$) $\hat{P}_{-j}arrow I_{L^{2}(\mathrm{R})}\mathrm{S}\mathrm{O}’\mathrm{I}^{\urcorner}$
[Dau92]. , $\mathrm{P}\mathrm{E}\mathrm{R}(|\hat{\varphi}|^{2})(t)$ $t=0$ .
11 , [BJ02] . [BJ02] Cuntz
, .
2
Ron-Shen [RS97, DHRS03] . ,
11 .
21(Ron-Shen). $N=2,$ $r=3$ :
$m_{0}(z)= \frac{1}{2\sqrt{2}}(1+z)^{2}$ , $m_{1}(z)=- \frac{1}{2\sqrt{2}}(1-z)^{2}$ , $m_{2}(z)=- \frac{1}{2}(1-z^{2})$ .
179
2: $\psi_{2}$1: $\psi_{1}$
11 (i), (v) . (ii), (iii)
2 .






. , $C$ , $t\in[0,2\pi]$
$m_{0}(e^{-if})-m_{0}(1)\leq C|t|$









. , $\{g_{n}\}_{n=1}^{\infty}$ $\mathbb{R}$ .
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. $\hat{\varphi}(0)=1$ , $t=0$ $\hat{\varphi}$ $g_{n}$
. $\hat{\varphi}$ $\mathbb{R}$ 2 .





$\mathbb{R}$ . $\hat{\varphi}$ $\mathbb{R}$ 2
, $||\varphi||_{L^{2}(\mathrm{R}\rangle}\leq 1$ .
. $n\in \mathbb{N}$
$f_{n}(t):=( \prod_{j=1}^{n}\frac{m_{0}(e^{-i42^{-j}})}{\sqrt{2}})1_{[-\pi,\pi]}(\mathrm{f}2^{-n})$











Mallat [Ma189]. [Dau92] .
$\hat{\varphi}$ . (iv) .
24 (Deslauriers-Dubuc [DD87]). $m_{0}(z)= \sum_{k=0}^{d}a_{k}z^{k}$ $\sum_{k=0}^{d}a_{k}=$ .
$\prod_{j=1}^{\infty}\frac{m_{0}(e^{-it2^{-j}})}{\sqrt{2}}$
, [0, Fourier .
(vi) .
2.5. $m_{0}(z)= \sum_{k=0}^{2}a_{k}z^{k},$ $|a_{k}|<1(k=0,1,2)$
$(S_{0}^{*}f)(z):= \frac{1}{2}\sum_{w^{2}=z}\overline{m_{0}}(w)f(w)$ , $f\in L^{2}(\mathbb{T})$
$S_{0}^{*l}arrow 0\mathrm{S}\mathrm{O}\mathrm{T}$ $(larrow\infty)$ .
. Fourier . Fourier $f(z)= \sum_{k=-N_{1}}^{N_{2}}b_{k}z^{k}$ ,
$l$
$S_{0}^{*l}f\in \mathcal{K}:=\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{e_{-2}, e_{-1}, e_{0}, e_{1}, e_{2}\}$
. $e_{n}(z):=z^{n}$ . , $S_{0}^{*}\mathcal{K}\underline{\subseteq}\mathcal{K}$ , $S_{0}^{*}$
$\mathcal{K}$
$V_{0}^{*}:=S_{0|\mathcal{K}}^{*}= \ovalbox{\tt\small REJECT}\frac{}{a_{2}0’ 0}\frac{0}{a_{0}}$
$\frac{00}{a_{1},00}$ $\frac{00}{}\frac{a_{0}}{a_{2},0}$ $\frac{000}{a_{1}0}$
$\frac{\frac{000}{a_{0}}}{a_{2}}\ovalbox{\tt\small REJECT}$









$\{f_{i}\}_{i=1}^{\infty}$ Hilbert $\mathcal{H}$ , $\mathcal{H}\underline{\subseteq}\mathcal{K}$ Hilbert
$\mathcal{K}$ $\mathcal{K}$
182









. $\mathcal{H}\underline{\subseteq}\mathcal{K}$ Hilbert $\mathcal{K}$ Cuntz $\mathcal{O}_{r}$ $\pi$ : $0_{r}arrow \mathcal{B}(\mathcal{K})$
, $F:\mathcal{K}\prec \mathcal{H}$ , $\mathrm{i}$
$S_{i}^{*}=\pi(s_{i}^{*})P$
.
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